Abstract. The maximum cut problem for a quintic del Pezzo surface Bl 4 (P 2 ) asks: Among all partitions of the 10 exceptional curves into two disjoint sets, what is the largest possible number of pairwise intersections? In this article we show that the answer is twelve. More generally, we obtain bounds for the maximum cut problem for the minuscule varieties X a,b,c := Bl b+c (P c−1 ) a−1 studied by Mukai and Castravet-Tevelev and show that these bounds are asymptotically sharp for infinite families. We prove our results by constructing embeddings of the classes of (−1)-divisors on these varieties which are optimal for the semidefinite relaxation of the maximum cut problem on graphs proposed by Goemans and Williamson. These results give a new optimality property of the Weyl orbits of root systems of type A,D and E.
Introduction
Let a, b and c be positive integers and let T a,b,c be the T -shaped tree with a + b + c − 2 vertices shown in Figure 1 . Define X a,b,c := Bl b+c (P c−1 ) a−1 to be the algebraic variety obtained by blowing up a set of b + c general points in the multiprojective space (P c−1 ) a−1 . If T a,b,c is the Dynkin diagram of a finite root system then the varieties X a,b,c can be thought of as higher-dimensional generalizations of del Pezzo surfaces (obtained when a = 2, c = 3 and 1 ≤ b ≤ 5) and share many of their fundamental properties. The varieties X a,b,c have been the focus of much recent work by Mukai, Castravet-Tevelev, Serganova-Skorobogatov, Sturmfels, Xu and the second author among others. They have appeared in connection to Mukai's answer to Hilbert's 14-th problem [11] , [2] , have been studied because of their close relationship with homogeneous spaces [9] , [10] , [16] and because of their remarkable combinatorial commutative algebra [15] .
The varieties X a,b,c contain a finite distinguished collection of codimension one subvarieties called (−1)-divisors. The configuration of (−1)-divisors plays a fundamental role in the geometry of the varieties X a,b,c analogous to the role played by exceptional curves on Del Pezzo surfaces [2] . The configuration of (−1)-divisors is independent of the chosen b + c points as long as they are sufficiently general and is captured by the following multigraph. The purpose of this article is to study the maximum cut problem on the minuscule varieties X a,b,c (see Figure 2 for a list of minuscule Dynkin diagrams). Our main result is the construction of bounds on this quantity which are asymptotically sharp for infinite families. = 1 so the percentage error of approximating the maxcut by its upper bound is asymptotically zero on the infinite families.
We conjecture that m(a, b, c) = u(a, b, c) for G 2,2,n and G n+1,1,n+1 . In Section 5.4 we prove the equality for n ≤ 8 and n ≤ 5 respectively.
In general, determining the maximum cut of a weighted graph is a difficult problem that cannot be solved efficiently unless P = NP. A more feasible alternative is to estimate this number via an approximation algorithm with a performance guarantee of β. This is a polynomial time algorithm guaranteed to produce a cut whose weight is at least a known percentage β of the maximum cut. Probably the most important instance of a maxcut approximation algorithm is the celebrated Goemans and Williamson [5] stochastic approximation algorithm (henceforth GW algorithm) which has a performance guarantee β ≈ 87.85%. In this article we make a detailed analysis of the behavior of the GW algorithm on the graphs G a,b,c and use it as a theoretical tool to derive the above bounds.
To describe the ingredients leading to our results we briefly describe the GW algorithm on a graph G (see Section 2.2 for details). In the first stage the maximum cut problem is relaxed to a semidefinite optimization problem whose solution gives an "optimal" embedding f : V (G) → S m−1 ⊆ R m of the graph in some sphere S m−1 . The embedding f allows us to associate a cut to every hyperplane H in R m by splitting vertices according to the side of H where their image under f lies. It is known that the expected weight of a cut obtained by choosing the hyperplane H uniformly at random is at least α := min 0≤θ≤π 2 π θ 1−cos(θ) ≈ 0.87856 times the maximum cut. The second stage of the algorithm consists of uniformly sampling hyperplanes until an above average cut is reached.
Our results rely on the following observations, (1) The multigraphs G a,b,c are highly symmetric since they are invariant under the action of the Weyl group of the corresponding root system. Such symmetries allow us to choose our optimal embedding to be equivariant. (2) The geometry of the varieties provides us with a natural candidate for an equivariant embedding of the graphs G a,b,c in an euclidean space, namely the normalized orthogonal projection of their classes to the orthogonal complement of the canonical class of X a,b,c . Our main result is that this embedding f is optimal for the GW semidefinite relaxation. Moreover we also show that this optimal embedding may be thought of as placing the (−1)-divisors on the vertices of certain Coxeter matroid polytopes. (3) Thanks to symmetry, the dual problem of the GW semidefinite relaxation can be analyzed by understanding the spectrum of the adjacency matrix of the multigraph G a,b,c . Our determination of this spectrum is the main technical tool used in proving the optimality of the embedding f . It relies on the following two facts, (a) The concept of strongly regular multigraphs and a characterization of their spectra which we introduce in Section 4.1. This class of graphs contains the multigraphs G a,b,c . (b) The canonical bijection between the (−1)-divisors on minuscule varieties X a,b,c and the weights of the corresponding minuscule representations (see Section 3 for details). These bijections allow us reduce the necessary calculations to elementary combinatorial identities.
An important quantity in our analysis is the performance ratio α G of a graph G, defined as the ratio of the expected weight of a random cut divided by the optimal value of the GW semidefinite relaxation (see Section 2.2 for detail). This ratio satisfies α ≤ α G ≤ 1 and is a one dimensional measure of the performance of the algorithm on a graph G, increasing as the performance of the algorithm improves. In this article we also study how symmetry affects this quantity. We derive formulas for the performance ratio on doubly transitive graphs and are able to analyze its behavior for large classes of strongly regular graphs (see Section 4 for precise statements). Our main result in this direction is the following Theorem. For an integer m ≥ 2 let R(−m) be the collection of doubly transitive strongly regular graphs with smallest eigenvalue −m. The essential performance ratio e(R(−m)) equals one, where
The above Theorem says that the performance of the Goemans-Williamson algorithm improves as the size of the graphs under analysis increases approaching its theoretically possible maximum. These results can be thought of as the flip-side of worst-case performance analysis. We are no longer interested in determining the worst-case performance of an algorithm but instead we want to characterize rich classes of graphs where performance is provably better than expected. These results are especially interesting in the case of the Goemans Williamson algorithm since it is known [12] that either α is the best possible performance ratio of a certified approximation algorithm to the maximum cut problem or the Unique Games Conjecture does not hold. A possible strategy to look for counterexamples is to find classes of graphs where the performance ratio is provably better than α.
The material in this article is organized as follows: Section 2 contains background information on cuts and multigraphs ( § 2.1), the Goemans-Williamson algorithm and performance ratios ( § 2.2.). Section 3 contains background material on the geometry of the varieties X a,b,c and a formulation of the maximum cut problem. Section 4 studies the role of symmetry in the GW semidefinite relaxation and proves the second Theorem above. Section 4.1 introduces strongly regular multigraphs and characterizes their spectra. Section 5 contains the main results of the article on the maximum cut problem for minuscule blowups of multiprojective space.
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2. Preliminaries 2.1. Multigraphs, cuts and strongly regular graphs.
is a finite, totally ordered set of vertices and M (G) :
We can represent the function M (G) via a symmetric matrix letting M ij := M (G)(i, j) and thus we will refer to M (G) as the adjacency matrix of G. Two vertices i, j ∈ G are said to be adjacent iff
We will often drop G from the notations V (G), M (G) when G is clear from the context. Note that A graph G is a multigraph whose adjacency matrix M has entries in {0, 1}. All our graphs are thus finite, simple, undirected, loopless graphs. 
The maximum cut problem asks for the maximum weight among all cuts of G, that is, to determine MaxCut(G) := max
It is well known that the problem of determining whether the maximum cut of a graph is larger than a given value is NP-complete and thus it cannot be solved efficiently for all graphs unless P = NP. A viable alternative is to use a polynomial time certified approximation algorithm such as the Goemans Williamson algorithm, described in the next section.
Finally we recall the following definition, which will be generalized in Section 4.1 Definition 7. A graph G is a strongly regular graph with parameters (v, d, c, k) if it has v vertices, it is regular of degree d, every two adjacent vertices have exactly c common neighbors and every two disjoint vertices have exactly k common neighbors.
2.2.
The Goemans-Williamson maxcut approximation algorithm and performance ratios.
2.2.1.
A description of the algorithm. Goemans and Williamson introduced in [5] a certified stochastic approximation algorithm for the maximum cut problem. The algorithm proceeds in two stages: first, it introduces a semidefinite relaxation of the maximum cut problem (which can be solved in polynomial time) and then a random rounding procedure which allows us to produce cuts whose weight is guaranteed to be at least α% ≈ 87.8% of the maximum cut of G. We describe these two steps in greater detail,
(1) Semidefinite Relaxation: The maximum cut problem on a multigraph G = (V, M ) can be stated as a quadratic integer optimization problem. We assign one variable x i to each vertex and encode a cut (S, S c ) by letting x i = 1 if i ∈ S and x i = −1 otherwise. With this notation the maximum cut of G equals MaxCut(G) = max
We can think of x i ∈ {−1, 1} as an assignment from the vertices of G to points in the 0-sphere. More generally, for an assignment f : V → S p we define
and letting f run over all assignments of vertices to vectors in some sphere we have
Where the inequality occurs since the set of assignments includes the integral assignments f (i) = x i e p and the equality because a symmetric matrix X ij is positive semidefinite iff it admits a Cholesky factorization. The determination of the rightmost quantity is a semidefinite optimization problem and thus can be solved in polynomial time [13] . (2) Randomized Rounding: For any assignment f : V → S p and any hyperplane H ∈ (R p+1 ) * we can produce a cut (S(H), S(H) c ) by letting
Goemans and Williamson study the weights of cuts produced by hyperplanes chosen uniformly at random in the dual unit sphere. They compute the expected value of the random weight W (f ) of cuts produced in this manner and relate it with the value of SD(f ) (see [5] [Theorems 2.1,2.3] for details),
where
If f * is an optimal embedding then MaxCut(G) ≤ SD(f * ) = SD(G) and thus the above randomized rounding procedure yields cuts whose weight is at least 87.85% of MaxCut(G).
It is known [12] that if the unique games conjecture holds then the Goemans Williamson algorithm has the the best possible approximation ratio α for the maximum cut problem.
Performance ratios.
From the above analysis, we have the following chain of inequalities,
and thus the ratio
is a good one dimensional measure of the performance of the algorithm on a graph G.
Definition 8. The performance ratio of the GW algorithm on a graph G is the quantity
For a set of graphs G the performance ratio of the algorithm on G is the quantity
and the essential performance ratio is given by
Note that α ≤ α(G) ≤ 1 and that the quality of the semidefinite relaxation and the rounding technique on G are simultaneously controlled by α(G), improving as this quantity increases. On the other hand the essential performance ratio captures the behavior of the algorithm as we look at larger and larger instances. By a Theorem of Karloff [6] it is known that α(G) = α where G is the set of all transitive graphs.
2.2.3.
The semidefinite dual problem. Let G be a multigraph.
A simple direct calculation shows that the dual of the semidefinite relaxation of the maxcut problem for G is
where diag(γ) is the diagonal matrix with diag(γ) ii = γ i . Recall that by strong duality we have SD(G) = SD * (G) for every multigraph G.
3. The geometry of the varieties X a,b,c .
In this section we recall some basic facts about the geometry of varieties X a,b,c studied by Mukai [11] and Castravet-Tevelev [2] . 
. These varieties can be thought of as higher-dimensional analogues of del Pezzo surfaces (obtained when a = 2, c = 3 and r ≤ 8) and share many of their fundamental properties. To describe the similarities we need to introduce the following terminology, Definition 9. The Picard group Pic(X a,b,c ) is the free Z-module of rank a + r − 1 generated by the classes H 1 , . . . , H a−1 of pullbacks of the hyperplane sections of the factors P c−1 together with r classes of the exceptional divisors above the blown up points E 1 , . . . , E r . The canonical class is
Define a symmetric bilinear form on Pic(X a,b,c ) by
The following Lemma [2, Lemma 2.1] clarifies the relationship between the combinatorics of T a,b,c and the geometry of X a,b,c .
Lemma 3.1. Pic(X a,b,c ) has another basis α 1 , . . . , α a+r−2 , E r where
Moreover, α 1 , . . . , α r+a−2 are a basis for the orthogonal complement K ⊥ and a system of simple roots of a finite root system with Dynkin diagram T a,b,c (see Figure 1) .
As a result, there is an action of the Weyl group of the root system which extends to Pic(X) by fixing the canonical divisor. Moreover the above product is invariant under this action. The action allows us to define a collection of distinguished classes analogous to the (−1)-curves on del Pezzo surfaces.
Definition 10. We say that a class V ∈ Pic(X a,b,c ) is a (−1)-divisor if it belongs to the orbit of E r under the action of the Weyl group.
By results of Dolgachev [3] each of these classes is exceptional in some small modification of X a,b,c and in particular every such class determines a distinguished divisor. As in the case of del Pezzo surfaces it is sometimes possible to set up a correspondence between the (−1)-divisors and the weights of an irreducible representation of the semisimple lie algebra with Dynkin diagram T a,b,c . More precisely, Definition 11. Let g a,b,c be a semisimple Lie algebra with Dynkin diagram T a,b,c . Let Λ ⊆ K ⊥ ⊗ Q be the weight lattice spanned by the fundamental weights ω 1 , . . . , ω a+r−2 defined by ω i · α j = δ ij . For each ω ∈ Λ let L ω be the irreducible representation with highest weight ω. The representation L ω is called minuscule if its weights are precisely the elements of the orbit of ω under the Weyl group action.
Since E r · α j = δ j,r−1 the orthogonal projection of E r onto K ⊥ is ω r−1 and thus the orthogonal projection determines a natural bijection between the (−1)-divisors and the weights of an irreducible representation precisely when L ω r−1 is a minuscule representation. The classification of minuscule representations, or equivalently, minuscule Dynkin diagrams T a,b,c is well known (see Figure 2) . The only arising cases are:
Where the last two rows correspond to Del Pezzo surfaces of degrees three and two respectively. We address the maximum cut problem for minuscule varieties X a,b,c by showing that the normalized orthogonal projection f : V (G a,b,c ) → K ⊥ is optimal for the GoemansWilliamson semidefinite relaxation of maxcut. The above bijections between (−1)-divisors and weights of minuscule representations will be a key ingredient of the proof.
The Goemans-Williamson algorithm on symmetric multigraphs.
In this section we study the behavior of the Goemans-Williamson algorithm on graphs with symmetries. The main idea is that under a sufficiently transitive group action, optimal solutions of the optimization problems under consideration can always be chosen to be invariant, allowing us to reduce the computation of α G to the question of determining the smallest eigenvalue of M (G).
This point of view allows us to study the behavior of the Goemans-Williamson algorithm on some classes of strongly regular graphs and to show that, in marked contrast with worst case performance results the performance of the GW algorithm becomes optimal as the number of vertices increases (See Section refsrmgs for details). This result is especially interesting in the light of recent results [12] showing that the existence of an MaxCut polynomial time algorithm with an approximation ratio greater than α would imply the falsehood of the unique games conjecture. Classes of graphs where the performance of the GW algorithm is provably greater than α are thus one natural place to look for counterexamples. Moreover, our results imply that the semidefinite relaxation is an asymptotically accurate formula for the value of the maximum cut problem on such graphs. Finally, in this section we also introduce the concept of strongly regular multigraph which generalizes the idea of strongly regular graph and characterize their spectra. The class of strongly regular multigraphs is the natural context to study the graphs of (−1)-divisors G a,b,c . Lemma 4.1. Let G be a transitive multigraph and let λ 1 (G) be the smallest element of the spectrum of M . The following statements hold:
If G is a doubly transitive graph then (a) There exists an embedding f such that the angle between every two adjacent vertices is a constant η satisfying cos(η) =
where d is the degree of G. (b) The performance ratio for these graphs equals
Proof. The group H := Aut(G) acts on R |V | by permutation of its components and on |V | × |V | matrices by simultaneously permuting rows and columns. Let γ = (γ 1 , . . . , γ n ) be an optimal solution of the dual of the semidefinite relaxation and
and also optimal since
By transitivity of the action of H the components of γ are identical with constant value c. Since M + cI 0 it follows that c + λ 1 ≥ 0. As a result
and by optimality c = −λ 1 . Evaluating the right hand side we obtain claim (1.) If the action of H is doubly transitive let X be an optimal solution for the semidefinite relaxation of maxcut and note that, as before the average X := 1 |H| g∈H g · X is an optimal feasible solution. Since the action is doubly transitive X ij has only two possible values depending on whether vertices i and j intersect and in particular computing the objective function of the semidefinite relaxation we have
where e is the number of edges of G. Since there is no duality gap, by part (1.) we have e 2 (1 − cos(η)) = e 2 − |V |λ 1 4 = e 2 1 − λ 1 d where the last equality follows from dv = 2e since 2-transitive graphs are regular. This establishes claim (2a.). Let f be an embedding obtained from the Cholesky factorization of X. The expected weight of a random hyperplane cut obtained from f is , two of them adjacent iff they intersect in a set of size q. It is easy to see that the action of the permutation group on these graphs is doubly transitive. The spectra of this graphs was computed by Knuth [7] and the above result simplifies the proof of a Theorem of Karloff [6] showing that, for the set J of all graphs J(m, t, q) we have the equality α(J ) = α. In particular, even for doubly transitive graphs the worst-case performance of the GW algorithm is equal to its theoretical lower bound. 
If the entries of M are integral and we think of M (i, j) as the number of paths between vertices i and j the above conditions say that every vertex has equal degree d, that the number of paths of length two between two distinct vertices is an affine linear function of the number of paths between them and that the number of length two loops starting at any vertex is independent of the vertex.
It is immediate from the definition that every strongly regular graph is a strongly regular multigraph. Moreover, the spectral properties of strongly regular multigraphs are very similar to those of strongly regular graphs (see for instance 
Proof. From the hypotheses we see that the adjacency matrix satisfies the equations
where J is the all ones matrix. By the Perron-Frobenius theorem the vector of ones is an eigenvector with eigenvalue d and multiplicity one. By symmetry of M the remaining eigenvectors v are orthogonal to J and thus their eigenvalues η satisfy the quadratic equation Proof. By Neumaier's classification [14] it is known that a strongly regular graph with smallest eigenvalue −m is one of either, The graph of (m − 2) mutually orthogonal n × n latin squares (whose vertices are the n 2 squares and two squares are adjacent if either lie on the same row or column or have the same symbol in two of the latin squares).
In any of the last three classes the degree of the graph increases as the number of vertices does. The result then follows from part (2) of Lemma 4.1.
5.
The maximum cut problem on minuscule X a,b,c varieties.
In this section we show that the normalized orthogonal projection of the classes of (−1)-divisors to K ⊥ is optimal for the semidefinite relaxation of the maximum cut problem. As a result we obtain asymptotically sharp bounds for the maximum cut problem on X a,b,c . In Section 5.4 we use the optimal embeddings and stochastic simulation to improve the inequalities for small values of the parameters and determine the exact value of the maximum cut in some cases. These results give another instance of "optimality" associated to root systems of type A,D,E. (1)
(2) The expected weight of a cut obtained from f via a uniformly distributed random hyperplane is 
Proof. Recall that the intersection form is negative definite in K ⊥ and thus its negative defines an inner product , making K ⊥ into an euclidean space. In particular, for any two (−1)-divisors U ,V we have
and thus
proving claim (1. 
0 the vector γ as defined above is a feasible point of the dual problem. By a straightforward calculation the above formula gives the value of the objective function of the dual problem at γ.
The following Lemma gives a geometric interpretation of the normalized orthogonal projection f as a placement of (−1)-divisors on the vertices of certain Coxeter matroid polytopes. Note that the edges of the multigraph are not on the boundary of the polytope. Proof. Given a root system R ⊆ V and a point p not belonging to all hyperplanes orthogonal to the roots in R the generalized permutahedron defined by p is the convex hull of the orbit of p under the action of the Weyl group of the root system (see [1] for details). The stabilizer of p under the Weyl group is completely determined by its dot product with the roots in a simple system (see [1] [Lemma 6.2.1]). Any two points with maximal stabilizers which are orthogonal to the same set of simple roots must differ only by length and thus must lead to isomorphic generalized permutahedra. The above bijections follow from this observation. Using the notation from Section 3 the class f (E r ) is orthogonal to all roots α i for i = r − 1 and thus the convex hull of its orbit is the generalized permutahedron whose Coxeter diagram has a ring around α r−1 as in Figure 2 . These polytopes are well known and correspond to those in the table. Similarly, let ω r−1 be the irreducible representation of g a,b,c with weight dual to α r−1 . In the cases above this representation is minuscule and thus its weights are a single orbit under the action of the Weyl group establishing the desired bijection. The representations in the last three rows of the above table are the half-spin representation S + of so 2r (see [4] [Lecture 20]), the 27-dimensional representation J of the Lie algebra e 6 corresponding to infinitesimal norm similarities of the exceptional Jordan algebra and W is the fundamental 56-dimensional representation of the Lie algebra e 7 (see [8] [Chapter 6] for descriptions).
The main result of this article is the following, − 1 between any two distinct vertices S and T . Here S * T := (S ∪ T ) \ (S ∩ T ) is the symmetric difference between S and T .
Lemma 5.4. The bijection between exceptional divisors and weights of fundamental representations gives multigraph isomorphisms G s+1,1,n+1 ∼ = C s+1,1,n+1 and G 2,2,n ∼ = C 2,2,n .
Proof. We look at the bijections from Lemma 5.2 in more detail. We use them to obtain combinatorial interpretations of the product U · V of divisors. Let h ⊆ sl r+s be the Cartan subalgebra of traceless matrices and recall that the quotient h
The weights of the fundamental representation r−1 (V r+s ) are precisely v J := i∈J e i for J ∈ r+s r−1 and the highest weight vector is v 1,...,r−1 dual to β r−1 . Using the splitting, the normalized weight of the vector v J is ω J ∈ h * given by
By a direct computation we have ω J · ω T = |J \ T | s+r (r−1)(s+1)
Since the bijection is an isometry it follows that
[Lecture 18]) that the even orthogonal Lie algebra so 2r can be realized as 2r × 2r matrices with four r × r blocks where the diagonal blocks are negative transposes of each other and the off diagonal blocks are skew-symmetric. The Cartan subalgebra h ⊆ so 2r corresponds to the diagonal matrices satisfying these restrictions and in particular the operators L i ∈ h * which extract the i-th diagonal entry for 1 ≤ i ≤ r are a basis for h * . A system of simple roots consists of γ i := L i −L i+1 for 1 ≤ i ≤ r−1 and γ r := L r−1 +L r . The fundamental representation with weight dual to γ r is precisely the even spin representation with highest weight − 4) ). Since the bijection is an isometry it follows that V J · V T = |J * T | 2 − 1. As a result G 2,2,n ∼ = C 2,2,n as claimed.
5.1.
Type A multigraphs. Let M be the adjacency matrix of the multigraph C s+1,1,n+1 . Recall that r = n + 2 and define B := M − I. We will show that the matrix B satisfies a certain quadratic equation allowing us to conclude that the graphs C s+1,1,n+1 are strongly regular multigraphs and to determine their spectra. To this end we will use the following elementary combinatorial identity, which holds for every two nonnegative integers s and m, 
. We thus have,
which gives the claimed equality using the combinatorial identity above and the equal- The following combinatorial Lemma will be needed for the proof of our main theorem for the graphs C s+1,1,n+1 . Recall that S k := S k (s + 1, 1, n + 2) is the number of edges of weight k in the graph C s+1,1,n+1
Lemma 5.6. The following equalities hold for k ≥ 0, . Summing over all vertices we see that
and the first formula follows. Now, using the formula for S k the last quantity becomes
.
The rightmost sum can be interpreted as the counting the number of ways of choosing a team of r−1 active players out of r+s possible players by first choosing two captains from among s + 1 distinguished eligible players and then choosing r − 3 among the remaining r + s − 2 players. As a result we have
The other equalities follow from the same line of reasoning.
Lemma 5.7. Let f : V (G s+1,1,n+1 ) → K ⊥ be the normalized orthogonal projection and let λ 1 be the smallest eigenvalue of the adjacency matrix M s+1,1,n+1 .
(1)
is a feasible point for the dual problem and the value of the dual objective function at this point is
The equality SD(f ) = SD * (λ 1 ) holds. In particular f is an optimal embedding of the multigraph G s+1,1,n+1 into K ⊥ . . and δ k. Now, for fix r, the expression on the left decreases as s increases, then we will show the result for s = r − 2. In this case k
2 , then by Lemma 5.6 we have
Hence
, we have the desired result.
5.2.
Type D multigraphs. In this section we study the multigraphs C 2,2,n . Recall that r = n + 2. We begin by some elementary combinatorial lemmas. 
which equals
now, replacing T ∩ S with its complement in T determines a bijection between E T (k) and E T (2t − k) so the last term equals
Finally, the equality Proof. Recall that S k (2, 2, n) is the number of edges of weight k in C 2,2,n . By transitivity of the action of the Weyl group of D r on C 2,2,n the number of edges of weight k incident to every vertex V is the same and is easily seen to be Finally we show that the essential performance ratio of the graphs C 2,2,n is equal to one. To this end we need the following combinatorial Lemma, 5.4. Stochastic simulation of divisor cuts. Theorem 5.3 gives us a complete description of the optimal embedding f . Using this known optimal embedding random hyperplane cuts can be simulated very efficiently. We carried out these simulations on a computer for several values of the parameters and summarize our results in the tables below for the infinite families of type A and D respectively. The number on top shows the mean value of the cuts, the second below shows the maximum cut found in the simulations, the third one shows the value of the semidefinite relaxation and the bottom one the variation coefficient. and the leftmost quantity converges to one for infinite families, as shown in Lemmas 5.8 and 5.13. Claim (4) follows from the random hyperplane cuts shown in the previous section. We believe these equalities hold in general.
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